Abstract. In the present paper we prove that every 2-local inner derivation on the matrix ring over a commutative ring is an inner derivation and every derivation on an associative ring has an extension to a derivation on the matrix ring over this associative ring We also develop a Jordan analog of the above method and prove that every 2-local inner derivation on the Jordan matrix ring over a commutative ring is a derivation.
Introduction
The present paper is devoted to 2-local derivations on associative and Jordan matrix rings. Recall that a 2-local derivation is defined as follows: given a ring ℜ, a map ∆ : ℜ → ℜ (not additive in general) is called a 2-local derivation if for every x, y ∈ ℜ, there exists a derivation D x,y : ℜ → ℜ such that ∆(x) = D x,y (x) and ∆(y) = D x,y (y).
In 1997, P.Šemrl [25] introduced the notion of 2-local derivations and described 2-local derivations on the algebra B(H) of all bounded linear operators on the infinite-dimensional separable Hilbert space H. A similar description for the finitedimensional case appeared later in [14] . In the paper [20] 2-local derivations have been described on matrix algebras over finite-dimensional division rings. In [3] the authors suggested a new technique and have generalized the above mentioned results of [25] and [14] for arbitrary Hilbert spaces. Namely they considered 2-local derivations on the algebra B(H) of all linear bounded operators on an arbitrary (no separability is assumed) Hilbert space H and proved that every 2-local derivation on B(H) is a derivation. In [2] , [5] the authors extended the above results and give a proof of the theorem for arbitrary von Neumann algebras.
After a number of paper were devoted to 2-local derivations, weak-2-local derivations, Weak-2-local * -derivations, 2-local triple derivations, 2-local Lie isomorphisms, 2-local *-Lie isomorphisms and so on.
Results on 2-local derivations on finite dimensional Lie algebras were obtained in [6] , [16] . Articles [10] , [22] , [23] are devoted to weak-2-local derivations, and [11] , [17] , [18] , [21] are devoted to 2-local * -Lie isomorphisms and 2-local Lie isomorphisms. A number of theorem on 2-local triple derivations were proved in [13] , [15] . Other classes of 2-local maps on different types of associative and Jordan algebras were studied in [4] , [7] , [8] , [9] , [12] and [24] .
In this article we develop an algebraic approach to investigation of derivations and 2-local derivations on associative and Jordan rings. Since we consider sufficiently general cases of associative rings we restrict our attention only on inner derivations and 2-local inner derivations. In particular, we consider the following problem: if a derivation on an associative ring is a 2-local inner derivation then is this derivation inner? The answer to this question is affirmative if the ring is generated by two elements (Theorem 3.5).
In section 2 we consider 2-local derivations on the matrix ring M n (ℜ) over an associative ring ℜ. It is proved that, given a commutative ring ℜ, an arbitrary 2-local inner derivation on M n (ℜ) is an inner derivation. This result extends the one obtained in [20] to the infinite dimensional case but for a commutative ring ℜ and in [1] to the case of a commutative ring but only for 2-local inner derivations.
In section 3 we show that every derivation on an associative ring ℜ has an extension to a derivation on the matrix ring M n (ℜ) of n × n matrices over ℜ.
In section 4 the relationship between 2-local derivations and 2-local Jordan derivations on associative rings is studied.
In section 5 2-local derivations on the Jordan matrix ring over a commutative associative ring are studied. Namely, we investigate 2-local inner derivations on the Jordan ring H n (ℜ) of n-dimensional matrices over a commutative associative ring ℜ. It is proved that every such 2-local inner derivation is a derivation. For this propose we use a Jordan analog of the algebraic approach to the investigation of 2-local derivations applied to matrix rings over commutative associative rings developed in section 2. Thus the method developed in this paper is sufficiently universal and can also be applied to Jordan and Lie rings. Its respective modification allows to prove similar problems for Jordan and Lie rings of matrices over a * -ring.
2-local derivations on matrix rings
Let ℜ be a ring. Recall that a map D : ℜ → ℜ is called a derivation, if D(x + y) = D(x) + D(y) and D(xy) = D(x)y + xD(y) for any two elements x, y ∈ ℜ.
A map ∆ : ℜ → ℜ is called a 2-local derivation, if for any two elements x, y ∈ ℜ there exists a derivation D x,y : ℜ → ℜ such that ∆(x) = D x,y (x), ∆(y) = D x,y (y). Now let ℜ be an associative ring. A derivation D on ℜ is called an inner derivation, if there exists an element a ∈ ℜ such that
A map ∆ : ℜ → ℜ is called a 2-local inner derivation, if for any two elements x, y ∈ ℜ there exists an element a ∈ ℜ such that ∆(x) = ax − xa, ∆(y) = ay − ya.
Let ℜ be a unital associative ring, M n (ℜ) be the matrix ring over ℜ, n > 1, of matrices of the form    
Let {e i,j } n i,j=1 be the set of matrix units in M n (ℜ), i.e. e i,j is a matrix with components a i,j = 1 and a k,l = 0 if (i, j) = (k, l), where 1 is the identity element, 0 is the zero element of ℜ and a matrix a ∈ M n (ℜ) is written as a = n k,l=1 a k,l e k,l , where a k,l ∈ ℜ for k, l = 1, 2, . . . , n.
First, let us prove some lemmata which will be used in the proof of Theorem 2.4. Throughout the paper, ℜ denotes a unital associative ring where 2 is invertible, M n (ℜ) denotes the ring of n×n matrices over ℜ, n > 1. Let ∆ : M n (ℜ) → M n (ℜ) be a 2-local inner derivation. Let us fix a subset {a(i, j)} n i,j=1 ⊂ M n (ℜ) such that ∆(e i,j ) = a(i, j)e i,j − e i,j a(i, j),
Put a i,j = e i,i a(j, i)e j,j , for all pairs of distinct indices i, j and let k =l a k,l be the sum of all such elements.
holds for any pair i, k of distinct indices from {1, 2, . . . , n} and for any j ∈ {1, 2, . . . , n}, and the equality e i,j a(i, j)e k,k = e i,j a(k, j)e k,k .
holds for any pair j, k of distinct indices from {1, 2, . . . , n} and for any i ∈ {1, 2, . . . , n}.
Similarly,
be a 2-local inner derivation. Then for any pair i, j of distinct indices in {1, 2, . . . , n} the following equality holds
where a(i, j) i,i , a(i, j) j,j are the appropriate components of the matrices e i,i a(i, j)e i,i , e j,j a(i, j)e j,j respectively.
Proof. We have
by Lemma 2.1.
. From the hypothesis there exists an element c ∈ M n (ℜ) such that ∆(x o ) = cx o − x o c. Let c = n i,j=1 c i,j be the decomposition of c with respect to {e i,j } n i,j=1 , where c i,j = e i,i ce j,j , i, j = 1, 2, . . . , n. Lemma 2.3. Let ∆ : M n (ℜ) → M n (ℜ) be a 2-local inner derivation. Let k, l be an arbitrary couple of distinct numbers in {1, 2, . . . , n}, and let b ∈ M n (ℜ) be an element such that
Proof. We may assume that k < l. We have
Then for the sequence
we have
The proof is complete.
The following theorem is the main result of the paper.
Theorem 2.4. Let ℜ be a commutative associative unital ring, and let M n (ℜ) be the ring of n × n matrices over ℜ, n > 1. Then any 2-local inner derivation on the matrix ring M n (ℜ) is an inner derivation.
Proof. Let ∆ : M n (ℜ) → M n (ℜ) be a 2-local inner derivation, x be an arbitrary matrix in M n (ℜ). Letā be the element described in previous paragraphs. We shall show that ∆(
and i = j. Then by Lemma 2.2 we have
Since
for all pairs of distinct numbers i and j in {1, 2, . . . , n}.
We have
by the definition of a(i, j). Then by Lemma 2.3 we have
where
△(e i,i ) = ve i,i − e i,i v, △(e i,j ) = ve i,j − e i,j v, and △(e i,i ) = we i,i − e i,i w, △(e j,i ) = we j,i − e j,i w.
Similarly
.
By the above conclusions we have
for all x ∈ M n (ℜ). The proof is complete.
On extensions of derivations and 2-local derivations
Lemma 3.1. Let M 2 (ℜ) be the ring of 2 × 2 matrices over an associative unital ring ℜ and let D be a derivation on the subring ℜe 1,1 and δ be a derivation on ℜ induced by D. Then the map
is a derivation.
Proof. It is easy to check that for a, b ∈ M 2 (ℜ) we haveD(ab) =D(a)b + aD(b). Indeed, the mapD is equal toδ + d U , wherē
and d U is the inner derivation induced by the matrix
LetM m (ℜ) be the subring of M n (ℜ), m < n, generated by the subsets
Lemma 3.2. Let ℜ be an associative ring, and let M n (ℜ) be the ring of n × n matrices over ℜ, n > 2. Then every derivation onM 2 (ℜ) can be extended to a derivation on M n (ℜ).
Proof. By Lemma 3.1 every derivation onM 2 (ℜ) can be extended to a derivation on M 4 (ℜ). In its turn, every derivation onM 4 (ℜ) can be extended to a derivation on M 8 (ℜ) and so on. Thus every derivation ∂ onM 2 (ℜ) can be extended to a derivation D on M 2 k (ℜ). Suppose that n ≤ 2 k . Let e = n i=1 e i,i and D(a) = eD(a)e, a ∈M n (ℜ).
ThenD :M n (ℜ) →M n (ℜ) andD is a derivation onM n (ℜ) by [22, Proposition 2.7] . At the same time, the derivationD coincides with the derivation ∂ on M 2 (ℜ). Therefore,D is an extension of ∂ toM n (ℜ). Hence every derivation ∂ onM 2 (ℜ) can be extended to a derivation on M n (ℜ).
Thus, in the case of the ring M 2 (ℜ) for any derivation on the subring ℜe 1,1 we can take its extension onto the whole M 2 (ℜ) defined as in Lemma 3.1, which is also a derivation. Theorem 3.3. Let ℜ be an associative ring, and let M n (ℜ) be the ring of n × n matrices over ℜ, n > 2. Then every derivation on ℜ can be extended to a derivation on M n (ℜ).
Proof. Let δ be an arbitrary derivation on ℜ and D be the derivation on the subring ℜe 1,1 such that δ is induced by D. By Lemma 3.1 every derivation on ℜe 1,1 has an extension to a derivation on the matrix ringM 2 (ℜ) and every derivation onM 2 (ℜ) has an extension to a derivation on the matrix ring M n (ℜ)
We conclude the section by the following more general observation.
Theorem 3.5. Let ∆ : ℜ → ℜ be a derivation on an associative ring ℜ. Suppose that ℜ is generated by its two elements. Then, if ∆ is a 2-local inner derivation then it is an inner derivation.
Proof. Let x, y be generators of ℜ, i.e. ℜ = Alg({x, y}), where Alg({x, y}) is an associative ring, generated by the elements x, y in ℜ. We have that there exists
where [d, a] = da − ad for any a ∈ ℜ.
Hence by the additivity of ∆ we have
Since ∆ is a derivation we have
Finally, for every polynomial p(x 1 , x 2 , . . . , x m ) ∈ ℜ, where x 1 , x 2 , . . . , x m ∈ {x, y} we have
i.e. ∆ is an inner derivation on ℜ.
2-local derivations on Jordan rings.
This section is devoted to derivations and 2-local derivations of Jordan rings. 
is a derivation. Therefore every inner derivation of the Jordan ring (A, ·) is an inner derivation of the associative ring A. And also it is easy to see, that every inner derivation of the form D ab−ba (x) = (ab − ba)x − x(ab − ba), x ∈ A is an inner derivation of the Jordan ring (A, ·). Indeed, we have
Let ∆ be a 2-local inner derivation of the Jordan ring (A, ·). Then for every pair of elements x, y ∈ A there is an inner derivation D of (A, ·) such that ∆(x) = D(x), ∆(y) = D(y). But D is also an inner derivation of the associative ring A. Hence, ∆ is a 2-local inner derivation of the associative ring A. So, every 2-local inner derivation of the Jordan ring (A, ·) is a 2-local inner derivation of the associative ring A. Now, let A be an involutive unital ring and A sa be the set of all self-adjoint elements of the ring A. Suppose 2 is invertible in A. Then, it is known that (A sa , ·) is a Jordan ring. We take a 1 , a 2 , . . . , a m , b 1 , b 2 , . . . , b m ∈ A sa and the inner derivation
At the same time the map
is an inner derivation on the * -ring A and it is an extension of the derivation D. Therefore every inner derivation of the Jordan ring (A sa , ·) is extended to an inner derivation of the * -ring A. Such extension of derivations on a special Jordan algebra are considered in [26] . As to a 2-local inner derivation, in this case it is possible discuss extension of a 2-local inner derivation of the Jordan ring (A sa , ·) to a 2-local inner derivation of the involutive ring A. However, till now it was not possible to carry out such extension without additional conditions. This problem shows the importance of the main result in the following section.
2-local derivations on the Jordan ring of matrices over a commutative ring
Throughout of this section let ℜ be a commutative unital ring, M n (ℜ) be the associative ring of n × n matrices over ℜ. Suppose 2 is invertible in ℜ. In this case the set
is a Jordan ring with respect to the addition and the Jordan multiplication
This Jordan ring is denoted by H n (ℜ). Letē i,j = e i,j + e j,i andā i,j = {e i,i ae j,j } = (e i,i a)e j,j + e i,i (ae j,j ) for every a ∈ H n (ℜ) and distinct i, j in {1, 2, . . . , n}.
Proof. Indeed, let i be an arbitrary index in {1, 2, . . . , n}. Then for every k ∈ {1, 2, . . . , m} we have
since a k and b k are symmetric matrices. This completes the proof.
Lemma 5.2. Let ∆ be a 2-local derivation on H 2 (ℜ) and let 1 ) . 1 ) .
This completes the proof.
Theorem 5.3. Every 2-local inner derivation on H 2 (ℜ) is an inner derivation.
Proof. Let ∆ be an arbitrary 2-local inner derivation on H 2 (ℜ) and
We prove that
(e 2,2 de 2,2 e 2,2 xe k,k − e k,k xe 2,2 e 2,2 de 2,2 )
= e 1,1 ae 1,1 x + e 2,2 ae 2,2 x − xe 1,1 ae 1,1 − xe 2,2 ae 2,2 by Lemma 5.1. Hence ∆(x) = e 1,1 de 1,1 x + e 1,1 ae 2,2 x + e 2,2 ae 1,1 x + e 2,2 de 2,2 x −xe 1,1 de 1,1 − xe 1,1 ae 2,2 − xe 2,2 ae 1,1 − xe 2,2 de 2,2 = e 1,1 ae 1,1 x + e 1,1 ae 2,2 x + e 2,2 ae 1,1 x + e 2,2 ae 2,2 x −xe 1,1 ae 1,1 − xe 1,1 ae 2,2 − xe 2,2 ae 1,1 − xe 2,2 ae 2,2 = D(x). Hence
From (1) it follows that ∆ is linear and ∆(xy) = ∆(x)y + x∆(y)
for all elements x, y ∈ H 2 (ℜ) with respect to the Jordan multiplication. Hence ∆ is an inner derivation. The proof is complete. Now, we prove Theorem 5.3 for H n (ℜ) with an arbitrary natural number n > 1. Throughout the rest part of the paper let ∆ be an arbitrary but fixed 2-local inner derivation on H n (ℜ). Then we have the following lemma.
Lemma 5.4. Let i, j be arbitrary distinct indices, e = e i,i + e j,j and ∆(e i,i ) = m k=1 D a k ,b k (e i,i ) for some a 1 , a 2 , . . . , a m , b 1 , b 2 , . . . , b m in H n (ℜ). Then the mapping ∆ i,j (x) = e∆(x)e, x ∈ eH n (ℜ)e is a derivation on eH n (ℜ)e and
Proof. Similar to proof of [22, Proposition 2.7] it can be proved that ∆ i,j is a 2-local derivation. Let x be an arbitrary element in eH n (ℜ)e and
Similar to Lemma 5.2 we have
The rest part of the proof repeats the proof of Theorem 5.3 for e i,i and e j,j instead of e 1,1 and e 2,2 respectively. The proof is complete.
Under this notations we have the following lemma.
Lemma 5.5. For each pair i, j of indices the following equalities are valid
, and for every k = i, j
Proof. The equality e i,i d(ii)e i,i = e j,j d(ii)e j,j , (2) is proved similar to Lemma 5.1. The equality e i,i d(ii)e i,i = e j,j d(jj)e j,j follows from Lemma 5.4 and equality (2) . We have
Let i, j be arbitrary distinct indices from {1, 2, . . . , n}, let
By Lemma 5.5ā is defined correctly.
Lemma 5.6. For each pair i, j of distinct indices the following equality is valid
Proof. Let k be an arbitrary index different from i and let c 1 , c 2 , . . . , c m ,
) and
Since i and j are mutually symmetric we have e j,j ∆(ē i,j )e k,k = e j,j (āē i,j −ē i,jā )e k,k , e k,k ∆(ē i,j )e j,j = e k,k (āē i,j −ē i,jā )e j,j and e j,j ∆(ē i,j )e j,j = e j,j (āe i,i − e i,iā )e j,j . Hence
Hence the equality (3) is valid. This completes the proof.
Theorem 5.7. Every 2-local inner derivation on H n (ℜ) is a derivation.
Proof. We prove that the 2-local inner derivation ∆ on H n (ℜ) satisfies the condition ∆(x) = Dā(x) =āx − xā, x ∈ H n (ℜ)). Let x be an arbitrary element in H n (ℜ) and let By Lemma 5.6 we have the following equalities ∆(ē i,j ) = dē i,j −ē i,j d = (e i,i + e j,j )dē i,j −ē i,j d(e i,i + e j,j ) +(1 − (e i,i + e j,j ))dē i,j −ē i,j d(1 − (e i,i + e j,j )) =āē i,j −ē i,jā for all i. We have (e i,i + e j,j )dē i,j −ē i,j d(e i,i + e j,j ) = (e i,i + e j,j )āē i,j −ē i,jā (e i,i + e j,j ) and (1 − (e i,i + e j,j ))de i,i = (1 − (e i,i + e j,j ))āe i,i , e i,i d(1 − (e i,i + e j,j )) = e i,iā (1 − (e i,i + e j,j )) for all i. Also we have a i,j = e i,i de j,j , a j,i = e j,j de i,i by Lemma 5.5, and e i,i de j,j = e i,iā e j,j , e j,j de i,i = e j,jā e i,i .
Hence
(1 − e i,i )de i,i = (1 − e i,i )āe i,i , e i,i d(1 − e i,i ) = e i,iā (1 − e i,i )
for all i. Therefore we have [e i,iā (1 − e i,i )xe j,j − e i,i x(1 − e j,j )āe j,j + a i,i xe j,j − e i,i xa j,j +e j,jā (1 − e j,j )xe i,i − e j,j x(1 − e i,i )āe i,i + a j,j xe i,i − e j,j xa i,i ] = {e jj (āx − xā)e ii } by Lemma 5.5. Also by equalities (4) we have e ii △ (x)e ii = e ii (dx − xd)e ii = e ii d(1 − e ii )xe ii + e ii de ii xe ii − e ii x(1 − e ii )de ii − e ii xe ii de ii = e iiā (1 − e ii )xe ii + e ii de ii xe ii − e ii x(1 − e ii )āe ii − e ii xe ii de ii = e iiā (1 − e ii )xe ii + e ii d(ii)e ii xe ii − e ii x(1 − e ii )āe ii − e ii xe ii d(ii)e ii = e ii (āx − xā)e ii .
Hence ∆(x) =āx − xā for all x ∈ H n (ℜ), and ∆ is a derivation on H n (ℜ). Therefore ∆ is a derivation on H n (ℜ). Since ∆ is chosen arbitrarily every 2-local inner derivation on H n ℜ is a derivation. The proof is complete.
